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Abstract

We study the interplay between the data distribution and Q-learning-based algorithms with
function approximation. We provide a unified theoretical and empirical analysis as to how
different properties of the data distribution influence the performance of Q-learning-based
algorithms. We connect different lines of research, as well as validate and extend previ-
ous results, being primarily focused on offline settings. First, we analyze the impact of the
data distribution by using optimization as a tool to better understand which data distribu-
tions yield low concentrability coefficients. We motivate high-entropy distributions from a
game-theoretical point of view and propose an algorithm to find the optimal data distribu-
tion from the point of view of concentrability. Second, from an empirical perspective, we
introduce a novel four-state MDP specifically tailored to highlight the impact of the data
distribution in the performance of Q-learning-based algorithms with function approxima-
tion. Finally, we experimentally assess the impact of the data distribution properties on
the performance of two offline Q-learning-based algorithms under different environments.
Our results attest to the importance of different properties of the data distribution such as
entropy, coverage, and data quality (closeness to optimal policy).
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1 Introduction

Recent years witnessed significant progress in solving challenging problems across various
domains using reinforcement learning (RL) (Lillicrap et al., 2016; Mnih et al., 2015; Silver
et al., 2017). Q-learning algorithms with function approximation are among the most used
methods (Arulkumaran et al., 2017). However, the combination of Q-learning with func-
tion approximation is non-trivial, especially for the case of large capacity approximators
such as neural networks. Several works analyze the unstable behavior of such algorithms
both experimentally (Fu et al., 2019; van Hasselt et al., 2018) and theoretically (Carvalho
et al., 2020; Zhang et al., 2021).

The interplay between the data distribution and the outcome of the learning process
is one potential source of instability of Q-learning-based algorithms (Kumar et al., 2020;
Sutton & Barto, 2018). Different lines of research shed some light on how the data dis-
tribution impacts algorithmic stability. For example, some works provide examples that
induce unstable behavior in off-policy learning (Baird, 1995; Kolter, 2011); some theoreti-
cal works derive error bounds on the performance of Q-learning-related algorithms (Chen
& Jiang, 2019; Munos, 2005; Munos & Szepesvari, 2008); yet other studies investigate the
stability of RL methods with function approximation (Fu et al., 2019; Kumar et al., 2020)
or study unsupervised reward-free exploration for offline RL (Lambert et al., 2022; Yarats
et al., 2022).

We center our study around the following research question: which data distributions
lead to improved algorithmic stability and performance? In the context of this work, we
refer to the data distribution as the distribution used to sample experience or the distribu-
tion induced by a dataset of transitions. We investigate how different data distribution prop-
erties influence performance in the context of Q-learning-based algorithms with function
approximation. We add to previous works by providing a systematic and comprehensive
study that connects different lines of research, as well as validating and extending previ-
ous results. We primarily focus on offline RL settings with discrete state and action spaces
(Levine et al., 2020), in which an RL agent aims to learn reward-maximizing behavior
using previously collected data without additional interaction with the environment. Never-
theless, our conclusions are also relevant in online RL settings, particularly for algorithms
that rely on large-scale replay buffers. Our conclusions contribute to a deeper understand-
ing of the influence of the data distribution properties in the performance of approximate
value iteration (AVI) methods.

We start by presenting some background and the notation used throughout the paper in
Sect. 2, as well as reviewing bounds on the performance of AVI-related methods in Sect. 2.1.
In particular, we review the different concentrability coefficients proposed to quantify the suit-
ability of the data distribution under offline settings, as well as their impact on the tightness of
the bounds. Then, we investigate how the data distribution impacts the performance of AVI-
related methods, being primarily focused on offline settings: in Sect. 3, we address this ques-
tion from the point of view of concentrability and, in Sect. 4, we address it from an empirical
point of view. In Sect. 3.1, we motivate high entropy distributions from a game-theoretical
point of view. In Sect. 3.2, we use optimization as a tool to better understand which data distri-
butions yield low concentrability coefficients by proposing a gradient descent-based algorithm
to estimate the optimal data distribution. We expect our algorithm to open new directions for
the development of theoretically grounded pre-processing schemes for offline RL or explora-
tion methods for online RL. From an empirical point of view, we propose, in Sect. 4.1, a novel
four-state MDP specifically tailored to highlight how the data distribution impacts algorithmic
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performance, both online and offline. Then, in Sect. 4.2, we empirically assess the impact of
the data distribution on the performance of offline Q-learning-based algorithms with function
approximation under different environments, connecting the obtained results with the discus-
sion from the previous sections. According to our results: (i) high entropy data distributions
are well-suited for offline learning; and (ii) a certain degree of data diversity (data coverage)
and data quality (closeness to optimal policy) are jointly desirable for offline learning. In
Sect. 5, we connect our work with previous research. Finally, in Sect. 6, we present our con-
clusions and explore how our findings and contributions can extend to the online setting.

2 Background

We model the agent-environment interaction as a Markov decision process (MDP) (Puter-
man, 2014), formally defined as a tuple (S, A, p, py. r, 7), Where S denotes the discrete state
space, A denotes the discrete action space, p : Sx.A — A(S) is the state transition prob-
ability function with A(S) being the set of distributions on S, p, € A(S) is the initial state
distribution, r : S X A — R is the reward function, and y € (0, 1) is a discount factor. At each
step ¢, the agent observes the state of the environment s, € S and chooses an action ¢, € A.
Depending on the chosen action, the environment evolves to state s,,; € S with probability
p(s,,11s,,a,), and the agent receives a reward r, with expectation given by r(s,, a,). A policy
7 € A(A)!Slis a mapping 7 : S — A(A). We denote by P” the |S| X | S| matrix with elements
P*(s,s") = E o n(als) [p(s’ s, a)]. A trajectory, T = (Sp, Ay, --- » S0 Ay )» COMPrises a sequence
of states and actions. The probability of a trajectory 7 under a given policy z is given by
0,(7) = po(sy) HZO 7(a,|s,)p(s,,11s,, a,). The discounted reward objective can be written as

J(m)=E,., lz yxr(st,a,)] .
=0

The objective of the agent is to find an optimal policy z* that maximizes the objective func-
tion above such that J(z*) > J(x), Vz. The optimal value function, V* € RIS as well as the
optimal action-value function, Q* € RIS both satisfy the Bellman optimality equation:

0"(5,0) = r(5,) + VB | M2X 0°(5', )] )
Vi) = TG% {r(s, a) + By piisa) [V(sl)] }’ 2

and V*(s) = max,c 4 O*(s,a). The optimal policy can be recovered directly from Q*, but
also from V* if one has access to the transition probability function and the reward func-
tion. Planning algorithms, such as value-iteration (VI) (Puterman, 2014), can compute V*
or O by taking advantage of the fact that such functions are the unique fixed-point of the
Bellman optimality operator. For action-value functions, the Bellman optimality operator
T : RISKMAL o5 RISKIAL g defined, for arbitrary Q € RIS as

(TO)(s. ) = 1(5,0) + 1y [ max 065, ).

and a similar operator exists for value-functions.
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For problems featuring large state spaces, it is usually prohibitive to learn exact solu-
tions as those yielded by VI-related algorithms. Instead, we need to resort to approximate
solutions. Approximate value iteration algorithms aim to approximate V* or Q* by select-
ing a function f € F, where F is the class of functions encoding the representable value
or action-value functions. In practice, F can correspond to that of linear approximators or
more complex mappings such as neural networks. AVI-related algorithms start from an ini-
tial value-function, f;, and iteratively apply an approximation of the operator 7,

for1 = Proj(7f,),  Proj(g) = ar}g ?in llg =1,
A

where y denotes the data distribution and || - ||, , is the L-norm weighted by distribution p,
defined as |lx],, = (T,cs us)lx(s)?)"”” in the case of value functions. We have that u € A(S)
when learning value-functions and u € A(S X .A) in the case of action-value functions. In
general, f,,, # 7f, because the function space F is not representative enough. Further-
more, as is the case in RL, we have no access to the transition probability function and the
reward function; thus, we do not have access to operator 7 but only some samples from
it. Putting all together, AVI-related algorithms iteratively update f, as described in Algo-
rithm 1, where N denotes the number of iterations of the algorithm, M the number of sam-
ples, and [ is a loss function (e.g., L, loss). A similar algorithm exists to learn V-functions
instead of Q-functions.

Algorithm 1 Approximate Q-Iteration.

c fo€eF
. forne{1,...,N} do
{(8myam) ~ 1y meq,... ary > Sample M state-action pairs from p.

Ym = (T fa—1)(Sm,am), Yme{l,...,M}

fnt1 = arg minge r ﬁ Zm,e{l,“..,‘w} U(f(8ms@m) = Ym)
end for
: Return fy

ook ey

Fitted Q-iteration (FQI) (Riedmiller, 2005), as well as the deep Q-network (DQN)
(Mnih et al., 2015) algorithm, can be seen as particular instances of the algorithm above.
The setting in which y is fixed and arbitrary is generally known as offline (or batch) RL
(Levine et al., 2020) because the agent is unable to control the data generation process.
This is in contrast to the online RL setting where the agent can, up to some extent, control
the data generation.

The fundamental problem of offline RL is that of distributional shift: out-of-distribution
samples lead to algorithmic instabilities and performance loss, both at training and deploy-
ment time. The conservative Q-learning (CQL) (Kumar et al., 2020) algorithm is an offline
RL algorithm that aims to estimate the optimal Q-function while mitigating the impact of
distributional shift. The algorithm avoids the overestimation of out-of-distribution actions
by considering an additional penalty loss term, with

f;1+1 = arfger‘;_lin ]lw ; <l(f(sm’am) - ym) + k Z V(alsm)f(sm’a)>7 (3)

acA

where k € IRg and distribution v adversarially selects overestimated Q-values with high
probability, e.g., by maximizing the second term in (3).
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In the next section, we review works that aim to quantify the performance of AVI-
related methods under offline settings, being particularly interested in understanding how
proposed error bounds depend on the data distribution p.

2.1 Concentrability coefficients

Different works analyze error propagation in AVI-related methods (Chen & Jiang, 2019;
Munos, 2003, 2005; Munos & Szepesvari, 2008; Yang et al., 2019). Specifically, the
aforementioned works provide upper bounds of the type ||[V* — V™|, , < C-F+& or
lo* — 0™||,, < C- F+E&. Distribution p reflects the importance of various regions of the
state/state-action space and is selected by the practitioner. Intuitively, the bounds corre-
spond to p-weighted L,-norms between V*/Q" and the value/action-value function induced
by the greedy policy z; with respect to the estimated value/action-value function at the k-th

timestep.! Such bounds comprise, generally, three key components:

(1) A concentrability coefficient, C, that quantifies the suitability of the sampling distribu-
tion u € A(S)or u € A(S, A).

(2) A measure of the approximation power of the function space, ', which reflects how
well the function space is aligned with the dynamics and reward of the MDP.

(3) A coefficient £ that captures the sampling error of the algorithm, i.e., the error that
accumulates due to limited sampling and iterations.

From the three components above, we focus our attention on the study of the concentrabil-
ity coefficient as it captures the impact of the data distribution in the tightness of the upper
bound.

Munos (2003) introduces the first version of this data-dependent concentrability coeffi-
cient, which is related to the density of the transition probability function. Specifically, the
author defines the coefficient C; € R* U {+o0} as

/
C, = max M, 4)
ss'eSacA  u(s")

with g € A(S) and the convention that 0/0 = 0, and C; = oo if u(s’) = 0 and p(s'|s,a) > 0.
We use this convention for all upcoming coefficients. Intuitively, the noisier the dynamics
of the MDP, the smaller the coefficient C; and the tighter the bound. Munos (2005) intro-
duces a different concentrability coefficient related to the discounted average concentrabil-
ity of future states on the MDP. Specifically, coefficient C, € R* U {400} is defined as

C, =(1=y)* Y, my"e(m), )
m=1
TP T . P
c(m) = max (v )s) , 6)
Ty see s T, EA(A)IS] 5ES u(s)

! We use the bounds of Munos and Szepesviri (2008) as reference.
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with u, p € A(S). Intuitively, coefficient C, expresses some smoothness property of the
future state distribution with respect to u for an initial distribution p. Munos (2005) and
Munos and Szepesvari (2008) note that assumption C; < oo is stronger than assumption
C, < .

Farahmand et al. (2010) and Yang et al. (2019) replace coefficient (6) with

2 1/2
c(m) = ”lwggﬁ(m‘s‘ <[E(S,a)~/4 l ] > , @)

for u,p € A(Sx A). Let C; € Rt U {+00} denote the coefficient defined by (5) and (7).

Other works (Antos et al., 2008; Chen & Jiang, 2019; Lazaric et al., 2012, 2016; Munos,
2007; Tosatto et al., 2017; Xie & Jiang, 2020) use concentrability coefficients similar to
those presented to derive performance bounds for various algorithms.

More recently, Chen and Jiang (2019) revisit the assumption of a bounded concentra-
bility coefficient and justify the necessity of mild distribution shift via an information-
theoretic lower bound. The authors show that, under a bounded concentrability coefficient
defined using (6), near-optimal policy learning in polynomial sample complexity is pre-
cluded if the MDP dynamics are not restricted. In subsequent work, Xie and Jiang (2020)
break the hardness conjecture introduced by Chen and Jiang (2019) albeit under a more
restrictive concentrability coefficient similar to that of (4). Other works (Amortila et al.,
2020; Wang et al., 2020; Zanette, 2020) have also proved hardness results for offline RL,
however, under an even weaker form of concentrability than that induced by Eqgs. (4) and
(6). For example, Wang et al. (2020) show that good coverage over the feature space is
not sufficient to sample-efficiently perform offline policy evaluation with linear function
approximation and that significantly stronger assumptions on distributional shift may be
needed. We refer to Xie and Jiang (2020) and Uehara and Sun (2021) for a detailed discus-
sion on the relation between the different proposed concentrability coefficients and hard-
ness results for offline RL.

Unfortunately, although the concentrability coefficients above attempt to quantify dis-
tributional shift under offline settings, they have limited interpretability. Specifically, it
is hard to infer from the coefficients above which exact sampling distributions should be
used. For example, if we consider coefficients C, and C;, even if we know which parts
of the state space are relevant according to the distribution p, the computation of (5) still
depends on the complex interactions between p and the dynamics of the MDP under any
possible policy. What can be concluded is that the concentrability coefficient will depend
on all states that can be reached by any policy when the starting state distribution is given
by p. However, it is not obvious which exact target distribution u we should aim, especially
in the face of uncertainty regarding the underlying MDP. In the face of such uncertainty,
previous works assume sufficient coverage of the state (and action) space, thus using upper
bounded coefficients to analyze the performance of the algorithms (Chen & Jiang, 2019;
Farahmand et al., 2010; Munos & Szepesvari, 2008; Yang et al., 2019).

Finally, it is important to note that the significance of the previous results is highly
dependent on the actual tightness of the bound (Munos, 2005); rather loose bounds can
trivially upper bound the error but be of little help to understanding algorithmic behav-
ior. Thus, it is important to understand, from a practical point of view, if the properties
suggested by the surveyed bounds contribute to improved performance. We address this
concern in Sect. 4, by empirically investigating how the data distribution impacts perfor-
mance under a four-state MDP, as well as under high dimensional environments and two

(pT P P™ .. Pn)(s, a)
u(s,a)
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Q-learning-based algorithms. For now, we further analyze, in the next section, the coef-
ficients herein introduced by casting the problem of finding the optimal data distribution as
an optimization problem.

3 Assessing the impact of data distribution through the lens
of concentrability

In this section, we analyze the concentrability coefficients previously presented, providing
insights as to what may constitute a good data distribution through the lens of concentra-
bility. We give a new motivation for the use of maximum entropy data distributions from
a game-theoretical point of view in Sect. 3.1 and study the optimization of concentrabil-
ity coefficients in Sect. 3.2. We focus our attention on Cj as: (i) it is not associated with
a specific type of function approximation space, as opposed to other coefficients (Wang
et al., 2020; ii) it does not directly impose assumptions on the dynamics of the MDP such
as C;; and (iii) Farahmand et al. (2010) suggest it allows for tighter bounds in comparison
to coefficients similar to C,. We consider the offline setting, where data distributions can be
arbitrary, i.e., u € A(S)z, and elaborate on how our analysis can extend to the online setting
in Sect. 6. Putting all together, we study the impact of 4 € A(S), for arbitrary p € A(S), as
quantified by

C3(usp) = (L= y)* Y my™e(msp, p), ®)

m=0

pTPT P . P
U

c(m;u, = max s
(m;u, p) = . )

m

and the convention that [|/ull,, = ( X,cs u($)(B(s)/ u(s))* )2,

3.1 Maximum entropy distributions are adversarially robust in the face
of uncertainty

For each m in (8), let §,, = pP™ P™> ... P™». We have that||,,/ul|,,, = \/Py(Bul11) + 1, for

f(x) =x* — 1, where D, denotes the f-divergence (Liese & Vajda, 2006). Optimizing Cs
over the distribution y is non-trivial due to the fact that we want to minimize an expression
involving multiple coefficients D/(f,,||p), each with a f,, distribution that is chosen adver-
sarially. Furthermore, the set of possible distributions f,, depends on the, usually unknown,
transition probability function. Thus, we analyze the problem of picking an optimal u as a
robust optimization problem. We formulate a minimax objective where the minimizing
player chooses y to minimize Df(ﬂl |¢) and the maximizing player chooses f € A(S) to
maximize Df(ﬁl |1). Essentially, our analysis assumes that g, € A(S) for all m (an upper-
bound on C;). We prove the following result, which characterizes the solution of such mini-
max objective.

2 Qur analysis can be similarly extended to the case where y € A(S x A).
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Proposition 1 Let L, : A(S) — Rg with L, (8) = ||B/ ull,,,- For any u € A(S),

L,(p) = -1z,
jmax, u(B) rgeagﬂ(S)

Given the above, we have that the solution u* to

arg min max L

u§A<S> Pea® a (10)
is the maximum entropy distribution over S, equivalent to the uniform distribution. Proof
in Appendix A.1.

As stated in Proposition 1, the uniform distribution is the solution to the robust optimi-
zation problem. This result provides a theoretical justification for the benefits of using high
entropy sampling distributions through the lens of concentrability, as suggested by previ-
ous works (Kakade & Langford, 2002; Munos, 2003): in the face of uncertainty regard-
ing the underlying MDP, high entropy distributions ensure coverage over the state-action
space, thus contributing to keeping concentrability coefficients bounded.

3.2 Optimizing concentrability coefficients

We cast the problem of finding the optimal data distribution, p* € A(S), from the point of
view of concentrability, as the optimization problem

pu* = argmin Cs(u;p). an
UEA(S)

To solve the optimization problem above, we assume access to the transition probability
function of the MDP, or an estimation thereof. In this section, we mainly use optimiza-
tion as a tool to better understand what constitutes a good data distribution from the point
of view of concentrability. Nevertheless, we believe our optimization procedure can find
practical applications as the optimal estimated data distribution can be used to: (i) sample
data if one has access to a simulator of the environment; or (ii) apply a reweighting scheme
when sampling transitions from a dataset or replay buffer. We also elaborate on how to
extend our algorithm to the online setting in Sec 6.

We display, in Algorithm 2, the optimization procedure we propose to estimate u*,
where {a }ie(1,.. k) 1S the set of learning rates. As can be seen, our algorithm starts from an
initial distribution y, € A(S) that is iteratively updated by: (i) calculating the best response
of an adversary player, IT*, where IT* denotes the set of policies that maximize coefficients
(9) for each m, given our current iterate y, (line 3); (ii) calculating the sub-gradient of our
objective function at u = y,, given IT* (line 4); and (iii) updating y, while guaranteeing
that y,,, € A(S) using a projection operator (line 5). In Appendix A.2, we provide a com-
plete description of our algorithm.
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0.5

Fig.1 Optimal data distributions ji estimated by Algorithm 2 under the grid { environment for different y
values and ¢ = 0.2. The initial state distribution p puts all probability mass in the bottom left corner state.
The colormap encodes, for each state s (grid cell), the proportion between fi(s) and the probability of such
state under the uniform distribution, U/(s)

Algorithm 2 Projected sub-gradient algorithm for optimizing C;(u;p).

1: o € A(S)

2 for kin {1,...,K} do

3 II* = argmaxy C3(pk, IT; p)
g(pr) = VuCa(1, 1% p)|u=psy
tir1 = Projacs) (ke — crg(pir))

end for

=

@ @

We run Algorithm 2 to estimate the optimal data distribution j under two environ-
ments. The grid { environment (Appendix A.2.1), consists of a standard tabular environ-
ment where the agent can move between adjacent grid cells. Parameter { controls the
stochasticity of the environment: an action succeeds with probability (1 — {), and with
probability ¢ the agent transitions to an arbitrary grid cell. In the multi-path environment
(Appendix B.2.1), an agent needs to select a sequence of actions to reach a goal state
while avoiding falling into an absorbing non-rewarding state. We consider both environ-
ments because their respective transition functions are different: in grid {, each state is
reachable from any other state; this is not possible in the multi-path environment.

Under the grid { environment, we display, in Fig. 1, an illustration of distribution
/1 as estimated by Algorithm 2 for { = 0.2 and different y values. As can be seen, for
higher y values, distribution fi converges to the uniform distribution. However, it is
noticeable that, for lower y values, jI concentrates in the bottom left corner of the grid,
assigning higher probability to states that are closer, in terms of transitions in the
underlying MDP, to the initial state distribution p. In Fig. 2a, we display the entropy
of ji, H(j), for different y and ¢ values. As can be seen, the overall trend is that H(j)
increases as y increases, irrespective of {. First, the fact that g concentrates around p
follows from the fact that y geometrically discounts coefficients c(m;u, p) in the calcu-
lation of C;: lower values of y make the optimization of j rather short-sighted. Nev-
ertheless, we note that coverage is always ensured (mingg fi(s) = 0.0067 > 0, across
all y and ¢ values). Second, the fact that i converges to the uniform distribution as
y increases follows from two facts: (i) as y increases, the optimization of j becomes
rather long-sighted, putting progressively more emphasis on states that are farther
away from p; (ii) since any state of the MDP is reachable from any other state, the
adversary player that aims to find IT*, which intuitively corresponds to the set of non-
stationary policies that visit with high probability states where ji is low, is always able
to visit any state of the MDP (i.e., for sufficiently high m, we have that c(m;u, p) can
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(a) Grid ¢ environment. (b) Multi-path environment.

Fig.2 Normalized entropy of the data distributions /i estimated by Algorithm 2 under the grid ¢ and multi-
path environments for different y values

put probability mass on any state of the MDP). Thus, ji converges to the uniform distri-
bution as it is a best response to the adversary’s behavior.

Regarding the multi-path environment, as shown in Fig. 2b, we observe that, simi-
larly to the grid environment, the entropy of j increases as y increases. However, as
opposed to the grid environment, H (/i) never reached the entropy of the uniform dis-
tribution across all tested y values (we note the inclusion of an experimental setting
with y = 0.99). This observation is supported by the fact that, as opposed to the grid
environment, the underlying transition probability function for the multi-path environ-
ment is such that the adversary is rather restricted by the dynamics of the MDP when
aiming to visit states where j is low. For example, as y increases and the optimization
becomes rather long-sighted, states that are reachable in a small number of steps from
p, but that there are unreachable in future timesteps (as is the case for the multi-path
environment), become less important for objective Cs.

In this section, we observed that the analysis of what constitutes an optimal data
distribution from the point of view of concentrability becomes rather intricate when
we take into account the properties of the MDP. In particular, our results show that
coverage is necessary and high entropy distributions contribute to keeping concentra-
bility coefficients low, as discussed in Sects. 2.1 and 3.1. However, we provided evi-
dence that better distributions exist and that such distributions depend on properties
of the MDP such as the transition probability function and the discount factor y. We
display our complete experimental results in Appendix A.2.2.

4 Empirically assessing the impact of data distribution on Q-learning
with function approximation

In this section, we empirically assess the impact of different properties of the data
distribution on the performance of AVI-related algorithms. We start by showing, in
Sect. 4.1, that the data distribution, indeed, plays an important role in regulating the
performance of Q-learning-based algorithms: we propose a four-state MDP designed
to highlight the impact of the data distribution on the performance of AVI-related
methods.
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Fig. 3 Four-state MDP, with
states {5y, 5,, 53, 5, } and actions
{a,,a,}. State s, is the initial state
and states 53 and s, are absorbing
states. All actions are determinis-
tic except for the state-action pair
(sy,a,), where p(s3|s;,a;) = 0.99
and p(s,|s,a;) = 0.01. The
reward is r(s;,a;) = 100,
r(s;,a,) = =10, r(s,,a;) = =35,
and r(s,, a,) = 30

4.1 Four-state MDP

We now study how the data distribution influences the performance of a Q-learning algo-
rithm with function approximation under the four-state MDP (Fig. 3). We show that the
data distribution can significantly influence the quality of the resulting policies and affect
the stability of the learning algorithm. Due to space constraints, we focus our discussion on
the main conclusions and refer to Appendix B.1 for an in-depth discussion.

We focus our attention on non-terminal states s, and s, and set y = 1. In state s, the
optimal/correct action is a;, whereas in state s, the optimal/correct action is a,. We con-
sider a linear function approximator Q, (s,,a,) = w' ¢(s,,a,), where ¢ is a feature map-
ping, defined as ¢(s;,a,) =[1,0,0]", ¢(s,,a,) =[0,1,0]", @(s,,a;)=[a,0,0]", and
¢(s,,a,) =[0,0, 117, with @ € [1,3/2). As can be seen, the capacity of the function
approximator is limited and Q, (s, a,) and Q,,(s,, a,) are correlated.

4.1.1 Offline learning

We consider an offline RL setting and denote by p the distribution over S X .4 induced
by a static dataset of transitions. We focus our attention on probabilities u(s;,a;) and
u(s,,a,), since these are the probabilities associated with the two partially correlated
state-action pairs. Figure 4 displays the influence of the proportion between u(s;,a,) and
u(s,,a;) on the number of correct actions yielded by the learned policy. We identify three
regimes: (i) when u(s,,a,) = 0.5, we learn the optimal policy; (ii) if u(s;,a;) < (= 0.48)
or (= 0.52) < u(sy,a;) < (= 0.65), the policy is only correct at one of the states; (iii)
if p(s;,a,) > (= 0.65), the policy is wrong at both states. The results show that, due to
the limited approximation power and correlation between features, the data distribution
impacts performance as the number of correct actions depends on the properties of u. As
our results show, due to bootstrapping, it is possible that under certain data distributions
neither action is correct.

4.1.2 Online learning with unlimited replay
Instead of considering a fixed u distribution, we now consider a setting where y is dynami-
cally induced by a replay buffer obtained using e-greedy exploration. Figure 5 shows the

results when a = 1.2, under: (i) an e-greedy policy with ¢ = 1.0; and (ii) an e-greedy policy
with € = 0.05. We consider a replay buffer with unlimited capacity. We use a uniform data
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Fig.5 Experiments for different exploratory policies (co-sized replay buffer)

distribution as baseline.’ As seen in Fig. 5, the baseline outperforms all other data distri-
butions, as expected given our discussion in the previous section. Regarding the e-greedy
policy with e = 1.0, the agent is only able to pick the correct action at state s,, featuring
a higher average Q-value error in comparison to the baseline. This is due to the fact that
the data distribution induced by the fully exploratory policy is too far from the uniform
distribution to retrieve the optimal policy. Finally, for the e-greedy policy with e = 0.05,
the performance of the agent further deteriorates. Such policy induces oscillations in the
Q-values (Fig. 5b), which eventually damp out as learning progresses. The oscillations are
due to an undesirable interplay between the features and the data distribution: exploitation
causes abrupt changes in the data distribution, hindering learning.

4.1.3 Discussion

We presented a set of experiments using a four-state MDP that shows how the data dis-
tribution can influence the performance of the resulting policies and the stability of the
learning algorithm. First, we showed that, under an offline RL setting, the number of opti-
mal actions identified is directly dependent on the properties of the data distribution due

3 We note that the uniform distribution over the state-action space may be outside the space of possible dis-
tributions that can be generated by running policies on the MDP.
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to an undesirable correlation between features. Second, not only the quality of the com-
puted policies depends on the data collection mechanism, but also an undesirable interplay
between the data distribution and the function approximator can arise: exploitation can
lead to abrupt changes in the data distribution and hinder learning.

4.2 The impact of data distribution in offline RL

In this section, we experimentally assess the impact of different data distribution proper-
ties on the performance of offline DQN (Mnih et al., 2015) and CQL (Kumar et al., 2020).
We evaluate the performance of the algorithms under six different environments: the grid
1 and grid 2 environments consist of standard tabular environments with highly uncorre-
lated state features, the multi-path environment is a hard exploration environment, and the
pendulum, mountaincar and cartpole environments are benchmarking environments featur-
ing a continuous state-space domain. All reported values are calculated by aggregating the
results of different training runs. The description of the experimental environments and
the experimental methodology, as well as the complete results, can be found in Appen-
dix B.2. The developed software can be found at https://github.com/PPSantos/rl-data-distr
ibution-public. We also provide an interactive dashboard with all our experimental results
at https://rldatadistribution.pythonanywhere.com/.

In this section, we denote by u the data distribution over state-action pairs induced by
a static dataset of transitions. We consider two types of offline datasets: (i) e-greedy data-
sets, generated by running an e-optimal policy on the MDP, i.e., a policy that is e-greedy
with respect to the optimal Q-values, with € € [0, 1]; and (ii) Boltzmann(T) datasets, gener-
ated by running a Boltzmann policy with respect to the optimal Q-values with temperature
coefficient T € [-10, 10]. Additionally, we artificially enforce that some of the generated
datasets have full coverage over the S X A space. We do this by running an additional pro-
cedure that ensures that each state-action pair appears at least once in the dataset. We chose
not to use publicly available datasets for offline RL (Fu et al., 2020; Giilgcehre et al., 2020;
Qin et al., 2021) in order to have complete control over the dataset generation procedure,
which allows us to rigorously control different datasets’ metrics and systematically com-
pare our experimental results. Nevertheless, our results are representative of a diverse set
of discrete action-space control tasks.

Two aspects are worth highlighting. First, in all environments, the sampling error is low
due to the highly deterministic nature of the underlying MDPs. Thus, a single next-state
sample is sufficient to correctly evaluate the Bellman optimality operator (Eq. (1)). Second,
the function approximator has enough capacity to correctly represent the optimal Q-func-
tion, a property known as realizability (Chen & Jiang, 2019).

4.2.1 High entropy is beneficial

We start our analysis by studying the impact of the dataset distribution entropy, H(u), on
the performance of the offline RL algorithms. Figure 6 displays the average normalized
rollouts reward for datasets with different normalized entropies. As can be seen, under
all environments and for both offline RL algorithms, high entropy distributions tend to
achieve increased rewards. In other words, distributions with a large entropy appear to be
well-suited to be used in offline learning settings. Such observation is inline with the dis-
cussion in Sect. 2.1 and works such as (Kakade & Langford, 2002; Munos, 2003): high
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Fig.6 Average rollouts reward for datasets with different entropies

entropy distributions contribute to increased coverage, keeping concentrability coefficients
bounded and, thus, mitigating algorithmic instabilities.

Importantly, we do not claim that high entropy distributions are the only distributions
suitable to be used. As seen in Fig. 6, certain lower-entropy distributions also perform well.
In the next sections, we investigate which other properties of the distribution are of benefit
to offline RL.

4.2.2 Dataset coverage matters

We now study the impact of dataset coverage, i.e., the diversity of the transitions in the
dataset, in the performance of the offline agents. In order to keep the discussion concise, in
this section we focus our attention on e-greedy datasets, and refer to Appendix B.2 for the
complete results.

We start by focusing our attention on the offline DQN algorithm. Figure 7a displays
the average normalized rollouts reward under e-greedy datasets with dataset coverage not
enforced. As can be seen, DQN struggles to achieve optimal rewards for low values of ¢,
i.e., even though the algorithm is provided with optimal or near-optimal trajectories, it is
unable to steadily learn under such setting. However, as € increases, the performance of the
algorithm increases, eventually decaying again for high e values. Such results suggest that a
certain degree of data coverage is required by DQN to robustly learn in an offline manner,
despite being provided with data rich in rewards. On the other hand, the decay in perfor-
mance for highly exploratory policies under some environments can be explained by the
fact that such policies induce trajectories that are poor in reward (this is further explored
in the next section). Figure 7b displays the obtained experimental results under the exact
same datasets, except that we enforce coverage over S X .A. We note an improvement in the
performance of DQN across all environments, supporting our hypothesis that data cover-
age is important to regulating the stability of offline RL algorithms.

The CQL algorithm appears to perform more robustly than DQN. As seen in Fig. 7a,
CQL is able to robustly learn with low € values, i.e., using optimal or near-optimal trajecto-
ries with low coverage. Additionally, CQL does not benefit from coverage enforcement as
DQN does, as seen in Fig. 7b.
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Fig.7 Average rollouts reward under e-greedy datasets

The finding that data coverage appears to play an important role in regulating the per-
formance of DQN, even when considering near-optimal trajectories, is in line with the dis-
cussion from Sect. 2.1. Even if we are only interested in correctly estimating the Q-values
along an optimal trajectory, due to the bootstrapped nature of the updates, error in the
estimation of the Q-values for adjacent states can erroneously affect the estimation of the
Q-values along the optimal trajectory. This argument is suggested by concentrability coef-
ficients: if p from (6) or (7) is the uniform distribution over the states of the optimal trajec-
tory and zero otherwise, the concentrability coefficient still depends on other states than
those of the optimal trajectory. Therefore, in order to keep the concentrability coefficient
low, it is important that such states are present in the dataset. On the other hand, CQL is
still able to robustly learn using high-quality trajectories under low coverage because of its
pessimistic nature. Since CQL penalizes the Q-values for underrepresented actions in the
dataset, the error for adjacent states is not propagated in the execution of the algorithm.

In this section, we considered datasets that are, in general, close to those induced by
optimal policies. What if the data is collected by arbitrary policies? We investigate the
impact of the trajectory quality in the next section.

4.2.3 Closeness to optimal policy matters

We now investigate how offline agents are affected by the quality of the trajectories con-
tained in the dataset. More precisely, we study how the statistical distance between distri-
bution y and the closest distribution induced by one of the optimal policies of the MDP,
d,., affects offline learning.

The obtained experimental results are portrayed in Fig. 8, which shows the average nor-
malized rollouts reward for different distances between u and the closest d,,... We consider a
wide spectrum of behavior policies, from optimal to anti-optimal policies (i.e., Boltzmann
policies with low T values), as well as from fully exploitatory to fully exploratory poli-
cies. As can be seen, as the statistical distance between y and the closest . increases, the
lower the rewards obtained, irrespectively of the algorithm. We also observe an increase in
rewards when dataset coverage is enforced (Fig. 8b) in comparison to when dataset cover-
age is not enforced (Fig. 8a), for both algorithms.

At first sight, our results appear intuitive if we focus on Fig. 8a, where dataset coverage
is not enforced: if the policy used to collect the dataset is not good enough, it will fail to
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Fig. 8 Average rollouts reward. The x-axis encodes the statistical distance between y and the closest distri-
bution d . of one of the optimal policies

collect trajectories rich in rewards, key to learn reward-maximizing behavior. As an exam-
ple, if the policy used to collect the data is highly exploratory, the agent will likely not
reach high rewarding states and the learning signal may be too weak to learn an optimal
policy.

However, the results displayed in Fig. 8b, in which dataset coverage is enforced, reveal
a rather less intuitive finding: despite the fact that all datasets feature full coverage over
S x A, if the statistical distance between the two distributions is high, we observe a dete-
rioration in algorithmic performance. In other words, despite the fact that the datasets con-
tain all the information that can be retrieved from the environment (including transitions
rich in reward), offline learning can still struggle if the behavior policy is too distant from
the optimal policy. Such observation can be explained by the fact that distributions far from
the optimal policy prevent the propagation of information, namely Q-values, during the
execution of the offline RL algorithm.

Given the experimental results presented in this section, it is important for the data dis-
tribution to be aligned with that of optimal policies, not only to ensure that trajectories are
rich in reward, but also to mitigate algorithmic instabilities. Our experimental results sug-
gest that the assumption of a bounded concentrability coefficient, as discussed in Sect. 2.1,
may not be enough to robustly learn in an offline manner and that more stringent assump-
tions on the data distribution are required. Wang et al. (2020) reach a similar conclusion,
from a theoretical perspective.

4.2.4 Discussion

This section experimentally assessed the impact of different data distribution properties in
the performance of offline Q-learning algorithms with function approximation, showing
that the data distribution impacts algorithmic performance. In summary, our results show
that: (i) high entropy data distributions are well-suited for learning in an offline manner;
(ii) a certain degree of data diversity/coverage is desirable for offline learning; and (iii) a
certain degree of data quality is desirable for offline learning.

Finding (i) is aligned with the discussion in Sect. 3.1: in the absence of detailed
information regarding the underlying MDP, high entropy distributions contribute to
high coverage over the state-action space, thus yielding bounded concentrability coef-
ficients (an assumption widely adopted by the works surveyed in Sect. 2.1). However,
as our experiments in Sect. 4.2.3 show, full coverage (equivalent to having bounded
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Table 1 Performance metrics

. . Environment  Dataset type Avg. Norm. Avg.
for the gnd 1 and mountain dataset avg. O-values
car environments under the

. coverage reward error
DOQN algorithm (coverage not
enforced) Grid 1 Uniform 1.0 1.0 0.05
Boltzmann(4.0)  0.92 1.0 0.04
(e = 0.6)-greedy 0.87 1.0 0.14
Mountain car  Uniform 1.0 0.94 1.98
(e = 0.3)-greedy 0.68 0.97 2.45
Boltzmann(2.0)  0.61 0.91 3.49

For reference, the maximum average Q-values error recorded across
all tested dataset types under the grid I and mountain car environ-
ments are, respectively, 2.45 X 10° and 50.95

concentrability coefficients) is not enough to learn optimal policies. Thus, we hypothe-
size that the advantages of using high entropy distributions not only come from the fact
that they yield high coverage over the state-action space, but also because they induce
smooth distributions that mitigate information bottlenecks during algorithm execution,
allowing Q-values to easily propagate according to the MDP dynamics. This hypoth-
esis is supported by Proposition 1, which shows that maximum entropy distributions
minimize the statistical distance to all other possible distributions.

Regarding finding (ii), a certain degree of coverage is necessary, even when the data
is collected by an optimal policy, due to bootstrapping, as discussed in Sect. 4.2.2.
However, according to our results (Table 1), it is not necessary to have full cover-
age over the state-action space to learn optimal behavior. This finding is supported
by the discussion in Sect. 2.1: as suggested by (5) and (6), given p (e.g., uniform over
the state-action pairs of an optimal trajectory), the importance of the different states
depends not only on the dynamics of the MDP but also on their distance, in terms of
the number of transitions, to the states in p. This contrasts with the works surveyed
in Sect. 2.1 that, in the absence of knowledge regarding the MDP’s dynamics and the
quality of the trajectories provided, assume bounded concentrability coefficients, i.e.,
full coverage over the S x A space.

Finally, according to finding (iii), it appears to also be important that the distribu-
tion induced by the dataset is not very far from the distribution induced by one of the
optimal policies of the MDP, even if all state-action pairs are present in the dataset.
Again, we hypothesize that this finding can be explained by the fact that certain distri-
butions prevent the propagation of Q-values throughout the iterations of the algorithm.
Further investigations should be carried out in order to understand if this problem can
be circumvented by using more sophisticated sampling techniques such as prioritized
replaying. We leave such research direction for future work.

We refer to Appendix B.2.5 for an additional discussion on the impact of the sam-
pling error, approximation capacity, and generalization hardness in our experiments.
We also elaborate on how our experiments illustrate the importance of trading off algo-
rithmic optimism and pessimism in offline RL.
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5 Related work

We now review different lines of research that are related to the problem of studying the
impact of data distribution on Q-learning-related methods.

5.1 Error propagationin AVI

On a theoretical side, there are a number of different works that analyze error propaga-
tion in AVI methods, deriving error bounds on the performance of AVI-related algorithms
(Chen & Jiang, 2019; Munos, 2005; Munos & Szepesvari, 2008; Yang et al., 2019) algo-
rithms. Common to all these works is the dependence of the derived bound on concentra-
bility coefficients that depend on the data distribution. In this work, we review concen-
trability coefficients in Sect. 2.1, provide a motivation for the use of high entropy data
distributions through the lens of robust optimization in Sect. 3.1, and study the optimi-
zation of concentrability coefficients in Sect. 3.2. In Sect. 4.2, we analyze our empirical
results in light of the theoretical results from these previous articles.

5.2 Unstable behavior in off-policy learning

Several early studies analyze the unstable behavior of off-policy learning algorithms and
the harmful learning dynamics that can lead to the divergence of the function parameters
(Baird, 1995; Kolter, 2011; Tsitsiklis & van Roy, 1996; Tsitsiklis & Van Roy, 1997). For
instance, Baird (1995), Tsitsiklis and van Roy (1996), Kolter (2011) provide examples that
highlight the unstable behavior of AVI methods. Kolter (2011) provides an example that
highlights the dependence of the off-policy distribution on the approximation error of the
algorithm. In Sect. 4.1, we propose a novel four-state MDP that highlights the impact of
the data distribution in the performance of AVI methods. We further explore how off-pol-
icy algorithms are affected by data distribution changes, under diverse settings. We add to
previous works by considering both offline settings comprising static data distributions,
and online settings in which data distributions are induced by a replay buffer.

5.3 The stability of deep and offline RL algorithms

Several works investigate the stability of deep RL methods (Fu et al., 2019; Kumar et al.,
2019, 2020; Liu et al., 2018; van Hasselt et al., 2018; Wang et al., 2021; Zhang et al.,
2021), as well as the development of RL methods specifically suited for offline settings
(Agarwal et al., 2019; Levine et al., 2020; Mandlekar et al., 2021). For example, Kumar
et al. (2020) observe that Q-learning-related methods can exhibit pathological interactions
between the data distribution and the policy being learned, leading to potential instability.
Fu et al. (2019) investigate how different components of DQN play a role in the emergence
of the deadly triad. In particular, the authors assess the performance of DQN with differ-
ent sampling distributions, finding that higher entropy distributions tend to perform bet-
ter. Agarwal et al. (2019) provide a set of ablation studies that highlight the impact of the
dataset size and diversity in offline learning settings. Wang et al. (2021) study the stabil-
ity of offline policy evaluation, showing that even under relatively mild distribution shift,
substantial error amplification can occur. In Sect. 4.2, we provide a systematic study on
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how different properties of the data distribution impact the performance of deep offline RL
algorithms by directly controlling the dataset generation process, allowing us to rigorously
control different datasets’ metrics and systematically compare our experimental results. We
validate and extend previous results, as well as discuss our experimental findings in light of
existing theoretical results.

Schweighofer et al. (2021) study the impact of dataset characteristics on offline RL by
studying the influence of the average dataset return and state-action coverage on the perfor-
mance of RL algorithms. Yarats et al. (2022) study the impact of data quality on the ability
of offline RL algorithms to generalize to new tasks. The authors compare unsupervised
exploration methods for data collection and then assess the quality of the collected data
by learning policies for different reward functions, highlighting the importance of having
diverse exploratory data. Concurrently, Lambert et al. (2022) propose a similar framework
for unsupervised exploration followed by offline RL, being particularly focused on intrinsic
motivation techniques for data collection. Despite some similarities with our Sect. 4.2, our
work provides a more refined analysis because, as opposed to the previous works which
consider datasets that are collected by running policies in the MDP, we have additional
control over the data generation process, for example, by being able to enforce full dataset
coverage. This allows for a more exhaustive and precise analysis of the impact of different
properties of the data distribution in algorithmic performance. Additionally, the calcula-
tion of the dataset metrics and the types of environments used also differ. Finally, we note
that we present a much broader picture regarding the impact of the data distribution on the
stability of general off-policy RL algorithms, analyzing our empirical results in light of
theoretical results.

Concurrently to our study, Al-Marjani et al. (2023) propose the notion of active cover-
age, where an agent aims to explore the environment such that the number of visits to state-
action pairs is lower-bounded by a given target vector. The authors propose CovGame,
an exploration algorithm based on the notion of active coverage. Our work shares some
similarities with that of Al-Marjani et al. (2023) since CovGame can be seen as aiming
to explore the state-action space such that the induced data distribution is approximately
optimal from the point of view of concentrability (albeit under a slightly different notion
of concentrability than those we introduce in our work). However, there are key differences
between both works: (i) Al-Marjani et al. (2023) examine the episodic RL setting while we
address the infinite-horizon discounted setting; (ii) while Al-Marjani et al. (2023) focus on
online RL, our focus lies on the offline setting; and (iii) the algorithm proposed by Al-Mar-
jani et al. (2023) solves a sequence of min-max games by leveraging two online learning
algorithms while our algorithm, in the offline setting, starts from an initial arbitrary data
distribution that is iteratively updated using a projected sub-gradient algorithm to minimize
a loss function given by a concentrability coefficient.

6 Conclusion

In this work, we investigate the interplay between the data distribution and Q-learning-
based algorithms with function approximation under offline settings, connecting different
lines of research and validating and extending previous results. First, we study the opti-
mization of concentrability coefficients. We show that: (i) maximum entropy distributions
are adversarially robust in the face of uncertainty; and (ii) better distributions than the uni-
form distribution exist, which depend on properties of the MDP. Second, from an empirical
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perspective, we study how different properties of the data distribution impact algorithmic
performance. In particular, we: (i) provide a four-state MDP to showcase the algorithmic
instabilities that may arise due to the interplay between the data distribution and the learn-
ing algorithm; and (ii) experimentally assess the impact of the data distribution on two
offline Q-learning-based algorithms, attesting to the importance of different properties of
the data distribution such as entropy, coverage, and data quality. We connect our empirical
results with the theoretical findings of previous works.

In light of our work, future work could comprise the development of improved data
processing techniques for offline RL. As suggested by our empirical results: (i) naive data-
set concatenation can lead to deterioration in performance; and (i) by simply reweight-
ing or discarding training data, it is possible to substantially improve the performance of
offline RL algorithms. Furthermore, it would be interesting to empirically test whether a
reweighting scheme based on the optimal data distribution estimated by our Algorithm 2
can improve the performance of RL algorithms that rely on replay buffering. Finally, we
envision that the algorithm we propose in Sect. 3.2 can also foster the development of new
theoretically grounded exploration techniques for online RL. To conclude, we now further
elaborate on how our findings can extend to the online setting, as well as investigate how to
construct exploratory policies that induce state-action distributions with low concentrabil-
ity coefficients.

Now, we focus our attention on the online RL setting where, as opposed to the offline
setting, the learning agent is able to collect data by interacting with the environment. Under
the offline setting, the data distribution can be arbitrary; hence, we assumed u € A(S) in
Sect. 3 of our work. However, under the online RL setting, the problem of finding the opti-
mal data distribution becomes rather restricted because the set of possible state distribu-
tions induced by policies in the MDP may be only a subset of A(S).

In fact, other complexity measures than concentrability coefficients were proposed to
quantify sample complexity under the online setting (Jin et al., 2021; Jiang et al., 2016).
Interestingly, Xie et al. (2022) recently showed how assumptions about the data distribu-
tion in the offline setting can imply sample-efficient online learning. We take inspiration
from such work and now analyze how to come up with exploratory policies that induce
state distributions that yield low concentrability coefficients.

The key problem preventing us from extending our analysis in Sect. 3 to the online set-
ting is that both the uniform distribution ¢/, which we have shown to be min-max optimal
in the face of uncertainty, as well as the optimal data distribution /i estimated by our Algo-
rithm 2, may not be contained in the set of possible state distributions induced by policies
in the MDP. Thus, we propose to use a state marginal matching approach (Lee et al., 2019)
to find a policy = which induced state distribution d, is as close as possible, in terms of a
KL-divergence Dy, to our target distribution ¢ (either U or f), ie., we solve
arg min Dy, (d,;|t). Thus, we envision that by exploiting the transition probability function

of tlile MDP, either the true or an estimated version thereof, we can construct an approxi-
mately optimal exploratory policy from the point of view of concentrability by: (i) estimat-
ing the optimal data distribution i using Algorithm 2; and (ii) using a state marginal
matching approach to find a policy which induced distribution is close to /.

Finally, in the face of uncertainty regarding the underlying MDP, we have shown that
the uniform distribution / is the solution to a robust optimization problem. If we aim to
find policy z such that d, minimizes Dy, (d,| U), we have that such problem is equivalent
to finding the policy which d, has the highest entropy. Formally, we have that
arg min Dy (d,| U) = argmax H(d,). This provides a clear justification for the use of
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maximum entropy state exploration methods (Hazan et al., 2018) for the construction of
datasets for offline RL from the point of view of concentrability.
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